Well-known techniques from homological algebra and algebraic topology allow one to construct a cohomology theory for groups on which the action of a fixed group is given. After a brief discussion on the modules to be considered as coefficients, the first section of this paper is devoted to providing some definitions for this cohomology theory and then to proving that they are all equivalent. The second section is mainly dedicated to summarizing certain properties of this equivariant group cohomology and to showing several relationships with the ordinary group cohomology theory.
Introduction
If Γ is a group, then a Γ-group is a group G endowed with a Γ-action by automorphisms. Because Γ-groups arise in nature of numerous algebraic, geometric and topological problems, it should be clear that their study, as algebraic objects in their own right, is a subject of interest. However, so far the authors know, there is no good source of information about Γ-groups in the literature, and particularly there is no systematic study on a specific cohomology theory for these algebraic structures, which is the purpose of this paper. Indeed, we provide here a cohomology theory, denoted H n Γ (G, A), which we think enjoys many desirable properties, to whose study the article is mainly dedicated.
We should remark that this work was originally motivated by the graded categorical groups classification problem, which was suggested by Fröhlich and Wall in [11] and that we solve in [6] , thanks to the cohomology groups H 3 Γ (G, A). Furthermore, the equivariant group cohomology theory, in the form introduced here, is appropriate for a systematic treatment of the general equivariant group extensions problem [26, 6] .
The paper is organized in two sections. The first is devoted to discussing fundamental aspects concerning the definition of the cohomology groups H n Γ (G, A), at the heart of which are the abelian groups of equivariant derivations Der Γ (G, A). The discussion includes the topological meaning of these cohomology groups and also an explicit description of Whitehead's cochain complex C • Γ (G, A) [26] that makes their computation by cocycles possible. In the second section we summarize several properties of the equivariant cohomology groups that we have found and which we consider of sufficient interest to be pointed out in the article, such as equivariant versions of Hochschild-Serre results [16] for the cohomology of group extensions or those showing relevant interactions with the ordinary Eilenberg-MacLane cohomology groups.
Cohomology of Γ-groups
Throughout Γ is a (any) fixed group, and Γ G denotes the category of Γ-groups, that is, the category whose objects are groups G, H, · · · , enriched with a left Γ-action by automorphisms and whose morphisms are those homomorphisms f : G → H that are Γ-equivariant, in the sense that f ( σ x) = σ f (x), σ ∈ Γ, x ∈ G. Such a morphism is usually termed a Γ-homomorphism. The category of abelian Γ-groups, that is, of Γ-modules, is denoted by Γ Ab.
If G is a Γ-group, then Γ G/G is the category whose objects are the Γ-homomorphisms with range G and whose morphisms are the usual commutative triangles. We shall write objects and morphisms in Γ G/G as objects and morphisms in Γ G, the morphisms to G being understood.
We are going to define the cohomology of Γ-groups; hence we must first determine what the coefficients are for such a cohomology theory. To do so we recall (see [3] or [23] ) that a general notion of coefficients for the cohomology of algebraic structures says that abelian group objects in the comma category Γ G/G are the right coefficients for the cohomology of a Γ-group G. When Γ = 1, the trivial group, it is well known that any abelian group object in G/G is isomorphic to one of the form A G pr G, where A is a G-module and A G denotes the semidirect group product and, thus, the category of abelian group objects in G/G is equivalent to the category G Ab of G-modules. For Γ arbitrary, the category of abelian group objects in Γ G/G can be described in terms of what we call Γ-equivariant G-modules, which are defined next. Definition 2.1. Let G be a Γ-group. A Γ-equivariant G-module A is a Γ-module, also denoted by A, enriched with a G-module structure by a Γ-equivariant action map G × A → A, which means that both actions of Γ and G on A are compatible in the following precise sense:
These Γ-equivariant G-modules are the objects of a category, denoted by
whose hom-sets, denoted by Hom Γ,G (A, B), consist of those homomorphisms f : A → B which are of both Γ and G-modules, that is, such that f 
Proof. It is quite straightforward. Let us only note that for any Γ-equivariant Gmodule A, the abelian group object in Γ G/G it defines is given by the projection
A G
pr G, where Γ acts on the semidirect product by
Since the category of Γ-equivariant G-modules can be identified as the category of modules over the semidirect product group, it follows that it is equational. Later on we will use the following consequences on injective Γ-equivariant G-modules.
i) The category of Γ-equivariant G-modules is an abelian category that has enough injectives. ii) If I is an injective Γ-equivariant G-module, then I is both an injective Γ-module and an injective G-module.
Proof. ii) For any group H, every injective H-module is an injective U -module for any subgroup U ⊆ H [15, VI, Corollary 1.4]. Since both G and Γ are subgroups of G Γ, the assertion follows from Theorem 2.2.
Therefore, we have the functor (−) G : Γ,G Ab → Γ Ab, which is right adjoint to the functor carrying each Γ-module B to the Γ-equivariant Gmodule defined by itself with the trivial G-action 
The set Der Γ (G, A), of all Γ-derivations d : G → A, can be given an obvious abelian group structure. Note that if p : H → G is any Γ-homomorphism and q : A → B is any morphism of Γ-equivariant G-modules, then there is an induced homomorphism:
Thus, Der Γ (−, −) becomes a functor from the cartesian product category of the comma category of Γ-groups over a given Γ-group G by the category of Γ-equivariant G-modules into the category of abelian groups. Analogously as for groups (see [ 
The category of Γ-groups is algebraic, indeed it is a variety of universal algebras, and so one can use various well-known methods to define a cohomology theory for Γ-groups. Next we consider five definitions of the cohomology of a Γ-group G with values in a Γ-equivariant G-module A; the first four definitions develop the subject from the perspective of homological algebra, while the last one shows that the subject can be considered part of algebraic topology. Our main result here is to prove that these five definitions are equivalent. For any Γ-group G, the functor Der Γ (G, −) is a left exact functor from the category of Γ-equivariant G-modules to the category of abelian groups. By Corollary 2.3, the category of Γ-equivariant G-modules is abelian and has enough injectives, so one can form the right derived functors of Der Γ (G, −). These are, by definition, the cohomology groups of G (cf. [2] ). More precisely, making a shift in dimension motivated both by comparison with the usual Eilenberg-MacLane cohomology of groups (see Theorem 3.5) and by (12) , the first definition for the cohomology of a Γ-group G with coefficients in a Γ-equivariant G-module A is
and we take H
Both for theoretical and computational interests, it is appropriate to have an explicit description of a manageable cochain complex C First we shall recall that for any group G and any G-module A, the ordinary cohomology groups H n (G, A) can be computed as the cohomology groups of the abelian group positive-complex
, (see [9] ). Suppose now that G is a Γ-group and that A is a Γ-equivariant G-module. Then, every abelian group C p (G, A) has a Γ-module structure by the diagonal action
and the coboundaries ∂ :
become Γ-module homomorphisms, as is easily proved thanks to equalities (1) :
is a cochain complex of Γ-modules, and then one can form a double cochain complex C ) to be, up to a shift dimension and an obvious isomorphism, the total complex of the bicomplex C 
which are normalized in the sense that f (
, ∂} is then defined by the coboundary
given by the formula
Then, the second definition is
3. H n Γ (G, A) as a cotriple cohomology. The cotriple cohomology was developed for any tripleable (=monadic) category by Beck [3] and Barr and Beck [1] , who showed that most of the cohomology theories in Algebra are particular instances of cotriple cohomology, including the EilenbergMacLane cohomology of groups. The category of Γ-groups is tripleable over Sets [20] , that is, the underlying functor from Γ G to the category of sets induces a triple T on Sets such that an Eilenberg-Moore's T-algebra is just a Γ-group. It is then natural to specialize cotriple cohomology for Γ-groups, which leads to our third definition for the cohomology of a Γ-group G with coefficients in a Γ-equivariant G-module A.
Given a Γ-group G, the resulting cotriple
where FH is the free Γ-group on the set H (= free group on the set H × Γ with the Γ-action such that
This cotriple produces an augmented simplicial object in the category of endofunctors in
, with face and degeneracy operators
Hence, for any Γ-equivariant G-module A, one obtains an augmented cosimplicial object in the category of abelian group valuated functors from Γ G/G,
, and then an associated cochain complex (also denoted by Der Γ (G • , A)), obtained by taking alternating sums of the coface operators
This complex computes the cotriple cohomology of G with values in A:
4. H n Γ (G, A) as a cohomology of sheaves.
It was pointed out by Quillen in [23] and by Rinehart in [24] how the Grothendieck cohomology of sheaves over a site can be used as a general method to define a cohomology theory of any kind of universal algebras. Our fourth definition of the cohomology of a Γ-group G with coefficients in a Γ-equivariant G-module A arises by specializing this method, as follows: the class of epimorphisms in Γ G/G is stable under composition and pullbacks (note that every epimorphism of Γ-groups is a surjective map), then we have a Grothendieck topology on Γ G/G [17] if we take for coverings the families consisting of a single Γ-epimorphism P H. With this epimorphism topology on Γ G/G, sheaves are simply left-exact (i.e., preserving coequalizers) contravariant functors, and therefore Der Γ (−, A) is a sheaf of abelian groups on Γ G/G. Hence, Grothendieck cohomology groups of Γ G/G with coefficients in Der Γ (−, A) are defined. These are, up to a dimension shift, the cohomology groups of G with values in A, that is,
and thus they can be computed from flask resolutions 0 → Der
5. H n Γ (G, A) as a singular cohomology with local coefficients.
It is well known that the cohomology of a group G with coefficients in a Gmodule A is the singular cohomology of a classifying space for G, B G , with local coefficients A (see [25] , for example). If G is a Γ-group and A is a Γ-equivariant G-module, then A is a (G Γ)-module, according to Theorem 2.2, and so is a system of local coefficients in the classifying space of the semidirect product group B G Γ . The classifying space of the group Γ, B Γ , is canonically a subspace (indeed, a retract) of B G Γ with the injection map σ) . Therefore, the singular cohomology of the pair (B G Γ , B Γ ) with local coefficients in A is defined, whence our fifth definition for the cohomology of the Γ-group G:
Note that when G acts trivially on A, that is, A is simply a Γ-module, then the cohomology groups H 
is therefore a connected sequence of functors, and it then suffices to prove that
where
is a bijection, actually a natural isomorphism.
Suppose now that A is an injective Γ-equivariant G-module. By Corollary 2.3, A is an injective Γ-module. Since the ordinary cohomology of groups vanishes whenever the coefficients are injective modules, both complexes C
• (G Γ, A) and C • (Γ, A) are exact in dimensions 1 and therefore the complex Ker C
Equivalence of (7) and (12): consider the bisimplicial set X(G) whose set of p, q-
The vertical face and degeneracy maps are defined by those of the Eilenberg-MacLane simplicial set K(G, 1), namely
, 0 i p , and the horizontal and degeneracy maps by those of the simplicial set K(Γ, 1),
by the simplicial map
From X(G) and the given Γ-equivariant G-module A, we obtain a double cosim-
and the vertical cofaces d
We also write C •• (X(G), A) for the associated double complex of normalized cochains, whose differentials are obtained from the face maps by taking alternating sums, and Tot(C •• (X(G), A)) for the associated total complex. Observe that the isomorphism (14) induces a cochain complex isomorphism diag( A) . Then, as a result of Dold and Puppe [8] , there is a quasi-isomorphism of complexes
which is natural in G.
Since a straightforward identification shows that the cochain complex C
is the double cochain complex which is the complex C
• (Γ, A) constant in the vertical direction), and the rows are exact, we conclude that the morphism induced by restriction of A) is a quasi-isomorphism. Then, by (13), we obtain
Equivalence of (7) and (10): first, note that for any Γ-group over G, H
Then, the proof consists in proving that
is a flask resolution of the sheaf Der Γ (−, A) (15) means that for any free Γ-group over G, F say,
, because the equivalence of definitions (3) and (7) has been proved, it suffices to prove that the functor Der Γ (F, −) is exact, that is, it preserves epimorphisms. For, let q : A B be an epimorphism of Γ-equivariant F -modules and let d : F → B be any Γ-derivation from F into B. According to Proposition 2.5, the Γ-derivation d defines a Γ-homomorphism Ψ d :F → B F, x → (dx, x) and, according to the equivalence in Theorem 2.2, the epimorphism q defines a Γ-group epimorphism (a), x) . Since F is a free Γ-group, hence projective, there is a Γ-homomorphism Φ : F → A F such that QΦ = Ψ d . Then, the Γ-derivation associated to Φ, d Φ : F → A, by the isomorphism in Proposition (2.5), verifies that qd Φ = d. Therefore, q * : Der Γ (F, A) → Der Γ (F, B) is surjective.
It remains to prove that, for each n 1, C n Γ (−, A) is a flask sheaf on Γ G/G, which, by [23, Chapter II, 5, Proposition 1], is equivalent to proving that, for any
is exact. For, observe that for any Γ-group over G, H → G, the abelian group C n Γ (H, A) depends only on the pointed underlying set of H. Actually, we can define C n Γ (X, A) for any pointed set (X, x 0 ) by
Then, given the Γ-epimorphism P p Q, we can choose a pointed map s : Q → P right inverse for p, and find a contracting homotopy for the Czech complex (16) defined by the homomorphisms (s p pr 1 
Equivalence of (9) and (10): it follows from [23, Chapter II, 5, Theorem 5]. Alternatively, a direct proof consists in proving that (8) is a flask resolution of the sheaf Der Γ (−, A) . Indeed, the exactness of (8) follows from the fact that the cotriple cohomology of a free Γ-group vanishes in the dimension 1 ([1, Proposition 2.1] and, for each n 1, Der Γ (G n (−), A) is flask, since for any Γ-epimorphism in Γ G/G, 
Some properties of the cohomology groups H
The more basic properties of the cohomology are immediate consequences, taking into account Theorem 3, of its definition. We summarize them in the following five points:
(F, A) = 0 for all n 2, whenever F is a free Γ-group. e) Any short exact sequence 0 → A → B → C → 0 of Γ-equivariant G-modules provides a long exact sequence
There is also an interesting 5-term exact sequence in the cohomology groups induced by a short exact sequence in the first variable. The paradigm here is the 5-term exact sequence by Hochschild and Serre [16] for group cohomology. Suppose that 1→N 
Furthermore, since
Then, for any Γ-equivariant G-module A, there is a natural exact sequence
in which γ is induced by restricting Γ-derivations E → A to N.
Proof. First we prove that there is a natural exact sequence 
, well defines a Γ-derivation from G to A, which is mapped by p * to d; whence the exactness of (18) follows. Second, we observe that if p : E G admits a Γ-group section, then the homomorphism γ in (18) is also a retraction, that is, (18) is a split short exact sequence of abelian groups. In effect, in such a case, E = N G is a semidirect product group with Γ-action
, f → ξf, satisfying γξ * = id . Then, we are ready to complete the proof as follows. For each k 0, let
, is a retraction, we obtain a weakly split short exact sequence of cochain complexes 
where we have taken into account that
We should note that an explicit description, in terms of cocycles, of the homomorphism ω in the sequence (17) 
Of course, one can prove that f ϕ is actually a 2-cocycle whose cohomology class in A) is independent of the choice of s, so that ω is a well-defined homomorphism, and then to prove directly that (17) is exact, but the proof of all of this in full is tedious.
In the hypothesis of Theorem 3.1, the elements of the group of homomorphisms
were called operator homomorphisms of N in A by MacLane [18] ; then, it is natural to call the elements of its subgroup, 
The following is an equivariant version of a classic result by MacLane [18, Theorems A, A'], which was the counterpart to Hopf's formula for group cohomology. 
Suppose now that
is a short exact sequence of Γ-groups in which A is abelian, that is, A is a Γ-module. Then A ab = A is a Γ-equivariant G-module with the G-action defined by the equality i(
We define a Γ-group extension of the Γ-group G by the Γ-equivariant G-module A as a short exact sequence of Γ-groups (21) such that the G-module structure induced on A is the given G-module structure. We say the extension E is equivalent to E if there exists a Γ-group isomorphism Φ : E ∼ = E such that Φi = i and p Φ = p. We denote by
the set of equivalence classes of Γ-group extensions of G by A. Next we prove that there is a one-to-one correspondence between E Γ (G, A) and the cohomology group H 2 Γ (G, A). This result does not come as a surprise. The category of Γ-groups is tripleable over Set; hence, Beck's theorem [3] shows that H G under A (or under A G → G) , that is, A-torsors over G. Then, we could proceed, similarly as for groups (see [3, Example 4] ), verifying that principal Γ-groups over G under A are equivalent to Γ-group extensions of G by A. This is a roundabout way of proving the classification theorem that we shall establish directly bellow (see [6] for another proof using a factor set theory for Γ-group extensions). Theorem 3.3. Let G be a Γ-group and let A be a Γ-equivariant G-module. Then there is a natural bijection
Proof. Given isomorphism (20) , the proof is parallel to the proof in [15, Theorem 10.3] for group cohomology, except for the fact that the constructions needed are Γ-equivariant. Thus, given a free Γ-group presentation of G, R F q G, and an extension (21) , choose a map θ : F → G of Γ-groups over G. Then, the restriction of θ to kernels θ| R : R → A is an operator Γ-homomorphism of R into A, whose class in Map Observe that U is a normal Γ-subgroup of E ϕ . The sequence
, is easily seen to be a Γ-group extension of G by A, and it is straightforward to verify that this procedure gives an inverse to Φ.
We should note that the cohomology groups H 3 Γ (G, A) appear in the classification of Γ-group extensions with a non-abelian kernel (see [26] and [6, Theorem 5.1] ). Further, an interpretation of these cohomology groups H 3 Γ (G, A) is given in [6] , where degree three equivariant cohomology classes are expressed in terms of graded monoidal categories. Note that there is already a general interpretation of cotriple cohomology by Duskin [7] , which applies to our cohomology groups H n Γ (G, A), n 1, by Theorem 2.6.
Next we prove that H n Γ (−, A), considered as a functor of the first variable, are coproduct-preserving, that is, the cohomology of the free product of two Γ-groups is the direct sum of the cohomologies of each of them.
If
Then, for any Γ-module A, 
Proof. It is quite similar to that by Barr and Rinehart [2, Theorem 4.1] for the cohomology of a free product of groups. If G is any Γ-group and U ⊂ G is any Γ-subgroup of G, then every injective Γ-equivariant G-module is, by restriction, an injective Γ-equivariant U -module (U Γ is a subgroup of G Γ and therefore an injective (G Γ)-module is an injective (U Γ)-module [15, Corollary 1.4] , then use Theorem 2.6). Applying this to the situation under consideration, we see that there is a simultaneous Γ-equivariant From (24) and the isomorphism in Proposition 2.5, we obtain
and passing to cohomology this yields the desired result.
The following properties deal with the relationship between the cohomology of Γ-groups and the ordinary cohomology groups.
If Γ = 1, the trivial group, then a 1-group is the same as a group, and for each group G, a 1-equivariant G-module is simply an ordinary G-module. Theorem 3.5. Let G be a group and let A be a G-module, then
where 
Proof. After Theorem 2.6, the above long exact sequence is an immediate consequence of definition (12) for H n Γ (G, A), because the exactness property of cohomology with local coefficients. For an algebraic proof, we can proceed as follows. Firstly, observe the existence of the 4-term truncated exact sequence, that is, of the exact sequence
where r is the inclusion map, j is the homomorphism mapping each Γ-equivariant element a ∈ A Γ to the inner Γ-derivation from G into A, j a : x → x a − a, and p is the homomorphism defined by
Since H 1 (G Γ, I) = 0 if I is any injective Γ-equivariant G-module, from (26) it follows that the sequence of left-exact functors from the category of Γ-equivariant G-modules to the category of abelian groups
is exact on injectives. Then, (25) is the corresponding long exact sequence of derived functors.
A Γ-equivariant G-module on which G acts trivially is simply a Γ-module that is considered a (G Γ)-module via the projection G Γ Γ. For these coefficients we have the following consequence of Theorem 3.6.
Corollary 3.7. Let G be a Γ-group and let A be a Γ-equivariant trivial G-module, that is, a Γ-module. Then there are natural isomorphisms,
Proof. The hypothesis of A being a trivial G-module implies that the restriction maps H n (G Γ, A) r → H n (Γ, A) are retractions, with sections induced by the projection G Γ Γ. Then, the long exact sequence (25) gives split exact sequences
The following consequence is for ordinary group cohomology.
for all (F Γ)-module A and all n 2.
Proof. In the corresponding long exact sequence (25) ,
If G is a Γ-group and A is any Γ-equivariant G-module, the usual group of derivations from G into A, Der(G, A), is canonically a Γ-module by the diagonal Γ-action (
a functor from the category of Γ-equivariant G-modules into the category of Γ-modules,
Proof. By Corollary 2.3 ii), I is an injective G-module, then H 1 (G, I) = 0 and therefore every derivation of G in I is an inner derivation. Let j : I → Der(G, I) be the homomorphism that maps every a ∈ I to the inner derivation j a : x → x a − a. Since I is a Γ-equivariant G-module, j is a Γ-module homomorphism. In fact,
Hence 0 → I G → I j → Der(G, A) → 0 is a short exact sequence of Γ-modules. Since, again by Corollary 2.3, both I and I G are injective Γ-modules, it follows that the above exact sequence splits and that Der(G, A) is an injective Γ-module.
We are now ready to prove the following relationship between the cohomology of groups Γ and G and those of G as a Γ-group. 
which converges finitely to the graded group associated with {H n Γ (G, A)}, suitably filtered.
Proof. The spectral sequence (28) is deduced from the Grothendieck composite functor spectral sequence [14] , when it is applied to the following commutative diagram of functors:
Der(G,−) / / DerΓ(G,−)
taking into account that Der(G, −) preserves injectives, by Lemma 3.9. Indeed, the Grothendieck spectral sequence is
is,
, n 0.
Hence, B 0 (G) = Q(G) = G [Γ;G] and each B n (G), n 1, is a B 0 (G)-module. The invariant B 1 (G) is the most commonly studied one in the literature; there is a "Hopf" formula to compute it from any free presentation of the Γ-group G [12] , R F G, namely
where [Γ; R 1 F ] is the normal Γ-subgroup of F generated by the elements of the form n )a n .
In the case in which n is odd, say n = 2m − 1, then a (2m − 1)-cochain (a 1 , ..., a 2m−1 ) is a cocycle if and only if a k−1 = a k , 2 k 2m − 2, and a 2m−1 = 0. Furthermore, such a cocycle is a coboundary if and only if every a i is even. Then, we conclude that H 
On the other hand, when n is even, say n = 2m, a 2m-cochain (a 1 , ..., a 2m ) is a cocycle if and only if a i = 0 whenever i is odd and, furthermore, such a cocycle is a coboundary if and only if every a i is even. Hence,
